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RELATIVE PROBABILITIES OF HYPOTHESES IN THE BAYESIAN APPROACH
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Abstract. Bayesian networks are widely used in various fields of science and industry, in particular geotechnical
mechanics, ecology. They are applied to support decision making under risk conditions, under which is understood as
the product of the probability of danger seriousness of the consequences if it is implemented. A Bayesian network allows
you to establish cause-and-effect relationships between events and determine the probability of a particular situation
when receiving new information about a change in the state of any network variable. It allows you to consistently refine
the probabilities of a complete group of events based on the results of observations based on the intermediate results of
a stochastic experiment. In other words, Bayes' theorem provides the possibility of determining the posterior probabilities
of hypotheses taking into account the priors based on additional experience results. It is known that Bayes' theorem
implies: the ratio of the posterior probability of a hypothesis to the prior probability is equal to the ratio of the probability
of an event under a given hypothesis to the total probability of the event. However, there is no information on how much
the posterior probability of hypotheses changes compared to the prior probability with the appearance of new data. Such
a need arises when planning experiments, the conduct of which is associated with large financial and time costs, and
most importantly, is associated with unacceptable risks. As a result of the research, an analysis of the influence of addi-
tional data on the probabilities of events that depend on hypotheses on the ratio of the posterior and prior ones was
carried out. The ratio of probabilities (relative posterior probability of hypotheses) shows how many times the posterior
probability will change compared to the prior. The dependence of the ratio on probabilities is shown on graphs in 3d and
2d form. The relative posterior probability of hypotheses allows you to identify the hypothesis that reacts most strongly to
additional data and, on this basis, determine the least expensive experiments to refine the prior probability. To demon-
strate the simplicity of calculations that allow you to rank hypotheses in terms of sensitivity to new data, a model example
is given. As a result of the research, the following was obtained. The relative posterior probability of hypotheses is pro-
posed, which shows how many times the posterior probability will change compared to the prior when receiving addition-
al data related to the occurrence of events caused by the hypotheses. The relative posterior probability of hypotheses is
equal to the ratio of the conditional probability of the occurrence of an event under a given hypothesis to the probability
of this event. The relative posterior probability of hypotheses allows us to rank hypotheses in terms of sensitivity to new
data. The greatest sensitivity was found for an event probability of less than 0.1.
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1. Introduction

Bayesian networks are widely used in various fields of science and industry, in
particular, geotechnical mechanics [1] and ecology [2]. They are applied to support
decision making under risk conditions, under which is understood as the product of
the probability of danger seriousness of the consequences if it is implemented [1, 3,
4]. A Bayesian network allows one to establish cause-and-effect relationships be-
tween events and determine the probability of a given situation occurring when new
information is received about a change in the state of any network variable [5].
Bayesian networks are based on Bayes' theorem, which is sometimes called a law,
rule, principle, or formula for the probabilities of hypotheses [6]. It “...allows for a
consistent refinement of the probabilities of a complete group of events based on the
results of observations on the basis of intermediate results of a stochastic experiment”
[7]. In other words, Bayes’ theorem provides the ability to determine the a posteriori
probability of hypotheses based on additional experimental results, taking into ac-
count the a priori. The paper [8] states: “Bayes’ theorem is a remarkable theorem in
probability theory. As technology advances and society progresses, the advantages of
Bayes’ theorem gradually become apparent, allowing us to better utilize existing re-
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sources to make more accurate judgments.” The philosophical aspect of the theorem
is discussed in detail in the monograph [9]. It is known [10] that Bayes' theorem
states that the ratio of a hypothesis's posterior probability to its prior probability is
equal to the ratio of the probability of an event under that hypothesis to the total
probability of the event. However, there is no information on how significantly the
posterior probability of hypotheses changes compared to the prior probability when
new data emerges. This need arises when planning experiments that are associated
with significant financial and time expenditures and, most importantly, are associated
with unacceptable risks.

In this regard, the aim of this study is to analyze the influence of additional data
on the probabilities of hypothetical events on the ratio of posterior to prior probabili-
ties.

Object of the study: the influence of additional data on the probabilities of hypo-
thetical events on the ratio of posterior to prior probabilities.

2. Methods

The following methods were used in this study: an analytical review of literature
sources; probability theory; and mathematical statistics. Internet resources were used
to analyze the current state of the art.

To achieve this goal, the following tasks were solved:

— how much the posterior probability changes compared to the prior probability
when new data appears is established;

— what the posterior probability is determined;

— what the relative a posteriori probability of hypotheses allows us to execute is
established;

— the sensitivity of the relative a posteriori probability of hypotheses for an event
probability less than 0.1 is determined.

3. Theoretical and experimental parts
There is a complete group of hypotheses 4, (i=1,...,N) and statistically related

events B . The a priori probabilities of hypotheses are known P( 4,). Bayes' theorem
allows one to determine the probabilities of hypotheses given that an event has oc-
curred B[7, 11, 12]

P(814)P(4)

P(4|B)= 0

: (1)

where P (Al. |B ) — probability of a hypothesis 4, upon the occurrence of an event B

(posterior probability); P (B |Al.) — probability of an event occurring B if the hypoth-
esis is true A, P(4,) —a priori probability of a hypothesis A, ;



96 ISSN 3083-6271 (Print), ISSN 3083-628X (Online) Geo-Technical Mechanics. 2025. No. 175

N
P(B)=).P(B|4)P(4) 2)
i=1
— total probability of an event occurring B, which P(B ) #=0.
Dividing the left and right sides of Bayes' formula by P(4 ) and denoting rela-
tionships P, we receive
._P(4]B) _P(B|4)

Ty T RE) ©

Taking into account (1) and (3), we obtain

P(4

B)=FE'P(4). )

Attitude P~ let's call it the relative a posteriori probability of hypotheses (RPPH)
A upon receipt of additional data, which shows how many times the posterior prob-
ability will change P(4,|B) compared to the a priori P(4,).

Addiction B* from probabilities P (B ) and P(B |A,~) is shown in Figure 1: a) in
3D form, and b) in 2D form. The graph of the function (see Fig. 1b) is a hyperbola
with domain P(B)= (0, 1]. The branches are located in the first quadrant — positive
inverse proportionality coefficient.

The domain of a function can be divided into three intervals. The first,
0< P(B) <0.1; the second, 0.1< P(B) <0.5; the third, 0.5< P(B) <1. On the

first interval, compared to the third, with a decrease in probability P (B ) RPPH is

rapidly increasing (derivative 0P / 0P(B) on the first interval it significantly, more

than 10 times, exceeds the derivative on the third interval). The second interval is
transitional.

RPPH allows us to identify the hypothesis that responds most strongly to addi-
tional data and, based on this, determine the least expensive experiments to refine the
prior probability.

To demonstrate the simplicity of the calculations that allow us to rank hypotheses
by sensitivity to new data, let's consider a model example.

Model example. Pollution exceeding the maximum permissible concentration has
been detected in a reservoir. The water discharges are carried out by three mining and
processing plants, which we will consider as hypotheses.

Probabilities related to a plant will be written with a subscript 7 =1, 2, 3. Let us

denote: P(Al.) — the likelihood of discharge of contaminated water by enterprises;

P(B|Al.) — conditional probabilities of the presence of a toxic substance in the dis-
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charge of enterprises. It is necessary to determine by how many times the posterior
probabilities of hypotheses will change compared to the prior ones.
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a) and b) three-dimensional and two-dimensional graphics

Figure 1 — Addiction P from probabilities P (B ) and P (B|Al.)

z

Given:
P(Al):0.4, P(Az):O.Z, P(A3):0.4; (5)

P(B|4,)=0.03, P(B|4,)=0.02, P(B|4,)=0.04,

here (5) are the a priori probabilities of the hypotheses.
The total probability of a toxic substance entering a water body during the opera-

tion of three enterprises is calculated using formula (2)
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P(B) =0.03-0.4+0.02-0.2+0.04-0.4=0.032.
Using formula (3) we determine RPPH

. P(Bl4) 0.03

- - =0.9375
' P(B) 0.032 ’
P;:P(B|A2): 0.02 _ ) s0
P(B)  0.032
P*:P(B|A3)— 004 _1 2500,

* P(B)  0.032

RPPH indicate that the probability of hypothesis 1 decreases (E* =0.9375< 1),
the probability of hypothesis 2 also decreases (P; =0.6250< 1) , and the probabil-

ity of hypothesis 3 increases (P; =1.2500 > 1) , moreover, the increase in the prob-

ability of hypothesis 3 occurs more than 1.9 times more intensively than the decrease
in the probability of hypothesis 2.

We also calculate the posterior probabilities of the hypotheses (the probability of
discharges by enterprises given that the maximum permissible concentration has been
exceeded). For this, we use formula (4)

P(4,|B)=0.9375-0.4=0.375,
P(4,|B)=0.6250-0.2=0.125,
P(4,|B)=1.250-0.4=0.500.

Thus, the proposed RPPH shows whether the posterior probability will increase or
decrease compared to the prior one.

4. Conclusions

Thus, the following findings were established in the course of the research. Bayes'
formula, also known in the literature as Bayes' theorem, law, principle, and formula
for the probability of hypotheses, is widely used in various fields, including science,
medicine, economics, risk analysis, and others. It allows one to determine the poste-
rior probabilities of hypotheses, taking into account the prior probabilities, based on
additional experimental results. However, there is no information on how significant-
ly the posterior probability of hypotheses changes compared to the prior probability
when new data becomes available. This need arises when planning experiments, the
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implementation of which is associated with significant financial and time expendi-
tures. In accordance with the stated goal of the study, an analysis was performed of
the influence of additional data on the probabilities of hypotheses-dependent events
on the ratio of the posterior and prior probabilities of the latter, and the following
problems were solved:

1. A relative posterior probability of hypotheses is proposed, characterizing how
much the posterior probability changes compared to the prior probability when new
data emerges.

2. The relative posterior probability of hypotheses is equal to the ratio of the con-
ditional probability of an event occurring under a given hypothesis to the total proba-
bility of that event.

3. The relative posterior probability of hypotheses allows for ranking hypotheses
by sensitivity to new data.

4. The greatest sensitivity of the relative posterior probability of hypotheses is
found for events with probabilities less than 0.1.

A model example is provided.

The results can be used in planning experiments that require significant financial
and time expenditures.
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BIOHOCHI BIPOTIAHOCTI MNOTE3 MPU BAMECIBCBKOMY Miaxonl
Tanwun €., lllesyerko O.

AHoTauif. baeciBCbKi Mepeki LWMPOKO BUKOPUCTOBYOTLCA B Pi3HUX rany3sx Hayku Ta NpOMUCIOBOCTI, 30KpeMa re-
OTEXHiYHIi MexaHiLi, ekonorii. BoHM 3aCTOCOBYIOTHCS A5 NIATPUMKN MPUAHSATTS PilleHb B YMOBAX PU3MKY, Mif SKAM
po3ymieTbcst 4OOYTOK MMOBIPHOCTI HeGe3nekn Ha Cepio3HICTb HAcMiaKiB Npw oro peanisadii. baeciBcbka Mepexa fo-
3BOJISIE BCTAHOBMIOBATM MPUYMHHO-HACTILKOBI 3B'A3KM MiXK NOAIAMM Ta BU3HAYaTW MMOBIPHICTL MEBHOI CUTyaLii npu
OTPUMaHHi HOBOI iHpopMaLlii Npo 3miHy CTaHy Byab-KOi MepexeBoi 3MiHHOI. BoHa 403BONSIE NOCMIAOBHO YTOYHIOBATH
IMOBIPHOCTI MOBHOI rPYNK MOAjN Ha OCHOBI Pe3ynbTaTiB CNOCTEPEXEHb HA OCHOBI MPOMIKHUX Pe3ynbTaTiB CTOXaCTUYHO-
ro eKCnepuMeHTy. IHWUMK croBamu, Teopema baeca 3abesneyye MOXIMBICTb BU3HAYEHHS anoCTEPIOPHIX MMOBIPHOC-
TEl rinoTes 3 ypaxyBaHHAM anpiopHUX Ha OCHOBI JoOATKOBMX pe3ynbTartiB gocsigy. Bigomo, wo 3 Teopemu baeca Bu-
NNWBAE: BIHOLLEHHS anocTepiopHOT MMOBIPHOCTI riNOTE3W A0 anpiopHOT MMOBIPHOCTI AOPIBHIOE BiJHOLLEHHHO IMOBIPHOC-
Ti nogiji 3a 3a4aHoIo riNOTE3010 A0 3aranbHoi MMOBIPHOCTI nogji. OpHak Hemae iHpopMalii Npo Te, HaCKINbKM 3MIHIOETLCS
anoctepiopHa UMOBIPHICTb iNOTE3 NOPIBHAHO 3 anpiOpHOI0 MMOBIPHICTIO 3 NOSIBOIO HOBWX AaHuX. Taka notpeba BUHWKAE
npy NNaHyBaHHi eKCNepUMEHTIB, NPOBEAEHHS SIKUX MOB'A3aHE 3 BENMKAMW (DiHAHCOBMMM Ta YacOBMMM BUTpaTamu, a
FONOBHE, NOB'SI3aHE 3 HEMPUMHATHUMM pu3nkamu. B pesynbtati gocnigxeHHs 6yno npoBeLeHO aHanis BNMBY AOAATKO-
BWX JaHWX Ha MOBIPHOCTI NOAiN, WO 3anexartb Big rinoTes, Big CNiBBIZHOLIEHHS anocTepiopHux Ta anpiopHux. Cnissig-
HOLLEHHS! IMOBIPHOCTEN (BiGHOCHA anocTepiopHa MMOBIPHICTb riNOTE3) MOKa3ye, Y CKifbkW pa3iB 3MIHUTLCS anocTepiop-
Ha MMOBIPHICTb MOPIBHAHO 3 aNpiOPHOI. 3anexHiCTb CNiBBIAHOLIEHHS Bif MMOBIPHOCTEN MOKa3aHo Ha rpadikax y 3d Ta
2d cbopmi. BigHocHa anocTepiopHa MMOBIPHICTb riNOTe3 403BONSE BUSIBUTY riNOTE3Y, Ska HaCUIbHIlLe pearye Ha goaa-
TKOBi daHi, Ta Ha Ui OCHOBI BW3HAYNTW HAUMEHLU BUTPATK Ha EKCTIEPUMEHTU ANS YTOUHEHHS anpiopHOI MMOBIPHOCTI.
[ns geMoHCTpaLii NpocToTM Po3paxyHKiB, LU0 A03BOMNSIOTL PaHXyBaTK MiNOTE3N 3a YYTNMBICTIO 4O HOBUX JaHWX, HaBe-
AEHO MoAenbHuiA npuknag. B pesynbtarti gocnimkeHHs 6yno oTpMMaHo HacTynHe. 3anponoHOBaHO BiAHOCHY anocTepi-
OpHY MMOBIPHICTb riNOTe3, sIka NOKa3ye, Y CKiNbKK pasiB 3MIHUTLCS anocTepiopHa MMOBIPHICTb MOPIBHAHO 3 anpiopHOK
Mnpy OTPUMaHHI AO4ATKOBKX AaHWX, NOB'S3aHUX 3 BUHWKHEHHAM MO, CpUYMHeHnX rinotezamu. BigHocHa anocTtepiop-
Ha MIMOBIPHICTb riNOTE3 JOPIBHIOE BiJHOLUEHHIO YMOBHOI MMOBIPHOCTI HAaCTaHHA NoAii 3a 3aAaHoto rinoTes30t 40 MOBIp-
HOCTi Uiei nogii. BigHocHa anocTtepiopHa AMOBIPHICTb FiNOTE3 [O3BONSE paHXyBaTH rNOTE3W 3@ YYTNMBICTIO 4O HOBMX
AaHux. Hanbinbla vyTnumeicTb 6yna BusBneHa ansg MMOBIpHOCTI nogii meHwwe 0,1.

KntovoBi cnoBa: rinotesa, nogis, MMOBIPHICTb, anpiopHa, anocTepiopHa.
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